BOUNDARY REGULARITY FOR THE POISSON EQUATION IN 
REIFENBERG-FLAT DOMAINS 



where / belongs to some LP{Q) and C is a Reifenberg-flat domain of R". More 
precisely, we prove that given an exponent a 6 (0, 1), there exists an e > 
such that the solution u to the previous system is locally Holder continuous 
provided that Q is (e, ro)-Reifenberg-flat. The proof is based on Alt-Caffarelli- 
Friedman's monotonicity formula and Morrey-Campanato theorem. 



The goal of the present paper is to prove a boundary regularity result for the 
Poisson equation with homogeneous Dirichlet boundary conditions in non smooth 
domains. We consider the case of Reifenberg-flat domains as given by the following 
definition 

Definition 0.1. Let e, rp be two real numbers satisfying < £ < 1/2 and rp > 0. 
An (e, ro)-Reifenberg-flat domain ft C is an open, bounded, and connected set 
satisfying the two following conditions : 

(i) for every x € d^l and for any r < tq, there exists a hyperplane P{x, r) containing 
X which satisfies 

-dnidn n B(x, r),P(x, r) D B{x, r)) < e. 
r 

(ii) for every x S dCl, one of the connected component of 

B{x, ro) n {x; d{x, P{x, tq)) > 2ero} 
is contained in and the other one is contained in fl'^. 



Antoine Lemenant 



LJLL, Universitc Paris-Diderot, CNRS 
Paris, France 



Yannick Sire 



LATP, Universitc Aix-Marseille, CNRS 
Marseille, France 




1991 Mathematics Subject Classification. Primary: ; Secondary; . 

Key words and phrases. Elliptic problem in nonsmooth domain, Reifenberg-flat domains, 
Regularity. 



2 



ANTOINE LEMENANT AND YANNICK SIRE 



We consider the following problem in the (e, ro)-Reifenberg-flat domain f2 C M 
for some / e L''{i}), 



Reifenberg-flat domains arc less smooth than Lipschitz domains and it is well 
known that we cannot expect more regularity than Holder for boundary regularity 
of the Poisson equation in Lipschitz domains (see [9], [18, Remark 17], or [10]). 

Historically, Reifcnbcrg-flat domains came into consideration because of their 
relationship with the regularity of the Poisson kernel and the harmonic measure, 
as shown in a series of famous and deep papers by Kenig and Toro (see for e.g. 
[12, 13, 14, 20]). In particular, they are Non Tangentially Accessible (in short 
NTA) domains as described in [11]. Notice that the Poisson kernel is defined as 
related to the solution of the equation —Au = in 17 with u = f on dCl. In this 
paper we consider the equation (PI) which is of different nature. However, our 
regularity result is again based on the monotonicity formula of Alt, Caffarelli and 
Friedman [1], which is known to be one of the key estimate in the study harmonic 
measure as well. 

More recently, regularity of elliptic PDEs in Reifenberg-flat domains has been 
studied by Byun and Wang in [6, 5, 2, 3, 4] (see also the references therein). One 
of their main result regarding to equation of the type of (PI) is the existence of a 
global VF^'^(ri) bound on the solution. This fact will be used in Corollary 2 below. 

The case of domains of M" has been investigated by Caffarelli and Peral [7] . See 
also [10] for the case of Lipschitz domains. Some other type of elliptic problems in 
Reifenberg-flat domains can be found in [16, 17, 15, 19, 18]. 

The present paper is the first step towards a general boundary regularity theory 
for elliptic PDEs in divergence form on Reifenberg-flat domains, that might be 
pursued in some future work. Our main result is the following. 

Theorem 0.2. Letp, q^Po > ^ be some exponents satisfying ^ + ^ = ^ andpQ > . 
Let a > be any given exponent such that 



Then one can find an e = e{N,a) such that the following holds. Let ft C be 
an {e,rQ)-Reifenberg-flat domain for some tq > 0, and let u be a solution for the 



Observe that in the statement of Theorem 0.2, some a priori intcgrability on 
u is needed to get some Holder regularity. In what follows we shall see at least 
two situations where we know that u £ L^ for some p > 2, and consequently state 
two Corollaries where the intcgrability hypothesis is given on / only, without any 
a priori requierement on u. 




problem (PI) in Q with u e LP(r2) and f e _L'(il). Then 

C°'"(P(x,ro/i2)nn) VxeH. 

Moreover \\u\\(jo^a.(B{x,ro/i2)nn) ^ '^o, a,Po, ||w||p, ll/llg)- 
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First, notice that when / <E i^(il) for 2 < q < +00, then the appUcation 
V Jq vfdx is a bounded Linear form on W^'^^fl), endowed with the scalar prod- 
uct /q Vit • V?; dx. Therefore, using Riesz representation Theorem we deduce the 
existence of a unique weak solution u <S WQ''^{rt) for the problem (PI). Moreover, 
the Sobolev inequality says that u & (fl), with 2* = -^z^- Some simple compu- 
tations shows that in this situation, u and / verify the statement of Theorem 0.2 
provided that 2 < A'' < 5, which leads to the following corollary. 

Corollary 1. Assume that 2 < N < 5 and let q £ In be given where 

[2, +00) ifN^2 

2N 



IN 



(^,-foo) for3<N<b. 



Then for any a > verifying 



N f N -2 1 
a < 1 - — 



2 V 2A^ 9. 

we can find an e ~ £{N, a) such that the following holds. Let fl C be an (e, rg)- 



Reifenberg-flat domain for some tq > 0, let f E L'^{fl) and let u € W^''^{^) he the 



unique solution for the problem (PI) in fi. Then 



u • 



e C"-"(B(x,ro/12)nf7) Vxefl. 



Moreover \\u\\co.a,(B(x,r„/i2)nn) ^ C{N,rQ,a,q,\\^u\\2,\\f\\q). 

Proof. Since u e Wq^'^(57), the Sobolev embedding says that u S X^(S7), with 
p = 2* ~ jT^- And by assumption f £ L'^ for some q € Im (notice that g > 2, 
which guarantees existence and uniqueness of the weak solution). We now try to 
apply Theorem 0.2 with those p and q. Let po be defined by 

1 1 1 



Then a simple computation yields that Po > provided that 



N 
2 



27V 

q > 



■N 

This fixes the range of dimension < 5 and notice that in this case > 2 

except for N ~ 2, which justifies the definition of 1^. We then conclude by applying 
Theorem 0.2. □ 

In the proof of Corollary 1 we brutally used the Sobolev embedding on WQ''^{il) 
to obtain an integrability on u. But under some natural hypothesis we can get 
more using a Theorem by Byun and Wang [2]. Precisely, if / = divF for some 
F E L^, then / lies in the dual space of Hq{H) which guarantees the existence 
and uniqueness of a weak solution u for (PI), again by the Reisz representation 
Theorem. The theorem of Byun and Wang [2, Theorem 2.10] implies moreover that 
if P S L''(0) then Vu S L''(n) as well. But then the Sobolev inequality says that 
u E which allows us to apply Theorem 0.2 for a larger range of dimensions and 
exponents. Of course this analysis is interesting only for r < N because if r > A'^ we 
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directly get some Holder estimates by the classical Sobolev embedding. This leads 
to our second corollary. 

Corollary 2. Let ^ < r < N and q > -^^^j^ be given, so that moreover r > 2. 
Then for any a > satisfying 

N f 1 l\ , ^ rN 

a < 1 \ — , with r 



2 \r* qj ' N -r 

we can find an e — e{N,a, \i^\,r) such that the following holds. Let ft C be 
an (e , rQ)-Reifenberg-flat domain for some tq > 0, let f G L''(fl) and assume that 
f = — div_F for some F G L^{fl). Let u € Wg^'^(ri) be the unique weak solution for 
the problem (PI) in Q.. Then 

uG C°'"(B(a;,ro/12)nn) Vx G H. 

Moreover ||M|lco,c.(s(^,ro/i2)nf2) ^ C!{N,rQ,a,r,q,\Q.\,\\f\\q,\\F\\r). 

Proof. First we apply [2, Theorem 2.10] which provides the existence of a threshold 
eo = s{N, such that for any solution u G Wl"'^{^) of (PI) with / = — divF 

and F G i''(ri), we have that Vu G L''(S1), provided that 57 is (eo, '^o)-R.eifenberg- 
flat. But then the Sobolev inequality implies that u € L"^ with 

rN 

r = if r < A^, 

N -r 

and r* ~ +oo otherwise. 

In order to apply Theorem 0.2 we define pq such that 

1 ^ 1 _ 1 
r* q po ' 

and we only need to check that po < This implies the following condition on r 
and q : 

N , rN 
r > — and q > 



3 3r-N' 

as required in the statement of the Corollary. We finally conclude by applying 
Theorem 0.2. □ 

Our approach to prove Theorem 0.2 follows the one that was already used in 
[18] to control the energy of eigenfunctions near the boundary of Reifenberg-flat 
domains, and that we apply here to other PDE than the eigenvalue problem. The 
main ingredient in the proof is a variant of Alt-CaffarcUi-Friedman's monotonicity 
formula [1, Lemma 5.1], to control the behavior of the Dirichlet energy in balls 
centered at the boundary, as well as in the interior of fi. Then we conclude by 
Morey-Campanato Theorem. 

1. The monotonicity Lemma 

We begin with a technical Lemma which basically contains the justification of an 
integration by parts. The proof is exactly the same as the first step of [18, Lemma 
15] but we decided to provide here the full details for the convenience of the reader. 
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Lemma 1.1. Let u be a solution for the problem (PI). Then for every xq S 
and a.e. r > we have 

\Vu\' \x\'-^dx < r^-^ / u^dS 



B{xo,r)nn JdB{xo,r}nn 9iy 

(2) + i^L_^r'-N f ^2^g^ f uflxl^-^'dx. 



^ JdB{xo,r)n(l JB{xo,r)nn 

Proof. Although (13) can be formally obtained through an integration by parts, the 
rigorous proof is a bit technical. In the sequel we use the notation f2+ := B(xq, r)C\Q., 
and 5+ := dB{xQ,r) n fi. We find it convenient to define, for a given e > 0, the 
regularized norm 

\x\e ^Jxl+xj^ \-x% +e, 

so that is a C°° function. A direct computation shows that 

A(|x|^^) = (2-iV)iV^^<0, 

\X\e 

in other words |2;|^~^ is superharmonic, and hopefully enough this goes in the right 
direction regarding to the next inequalities. 

We use one more regularization thus we let u„ £ C^{fl) be a sequence of func- 
tions converging in Vl^^'^(M^) to u. We now proceed as in the proof of Alt, CafFarclli 
and Friedman monotonicity formula [1]: by using the equality 

(3) A(ii2) = 2|Vm„|2 + 2u„Au„ 
we deduce that 

(4) 2/ |Vu„nx|^^=/ /\{ul)\x\l-^ ~2 I [urAuMl-''. 

Jn+ Jn+ Jnt 

Since A(|x|^~^) < 0, the Gauss-Green Formula yields 

(5) / Aiul)\x\l-^dx= f ulAi\x\l~^)dx + InAr)<InAr) , 
where 

InAr) - (r^ + / 2u,,^dS + {N - 2) [ uldS. 

J ant {r^+e)-Jdn+ 

In other words, (4) reads 

(6) 2/ |Vu„|2|:E|2-^dx</„,e(r)-2 / KAu„)|a;|2-^dx. 



We now want to pass to the limit, first as n — > +00, and then as e 0+. To tackle 
some technical problems, we first integrate over re [r, r -|- (5] and divide by (5, thus 
obtaining 



(7) 

where 



^ rr+S 

J In.s{p)dp 
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and 



Rn = 2- 




(u„Au„)|x|g dx j dp 



First, we investigate the limit of as n — >■ +oo: by applying the coarea formula, 
we rewrite An as 



A. 4 2 



|xp+£)^~M„ Vun-xdx+{N-2) 



(kP + £) 2 



-uidx 



Since m„ converges to u in W^''^{M.^) when n — > +oo, then by using again the coarea 
formula we get that 

l-r+5 



where 



An 



Ie{p)dp 



n +00, 



2u^dS + {N-2) ^ 



u^dS. 



Next, we investigate the limit of i?„ as n — > +oo. By using Fubini's Theorem, we 
can rewrite i?„ as 



Rn = / iUnAUn)G{x)dx, 



where 



Since 



G{x) 



r+S 



1 if a; e n+ 

r + ^ — |a;| 



if a; e n+ \ n+ , 







a X 4 fi 



r+S 



then G is Lipschitz continuous and hence by recalling u„ G C^{ft) we get 
J ^UnAun ~ uAu^Gdx < J (^Aun — AuJunGdx + J (^Un—u^AuGdx 



^dx 


+ 


1 









< ||Vm„ - Vw||L2(o)(||u„||L2(f^)||VG||ioo(o) + ||VM„||i2(o)||G||L-(o)) 

t||L2(j2)||G||L~(Jl) + \\Un - '«||l2(0)||VG||loo(s-2)^ 



and hence the expression at the first line converges to as n — > +oo. 

By combining the previous observations and by recalling that u satisfies the 
equation in the problem (PI) we infer that by passing to the limit n — > oo in (7) 
we get 
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Finally, dividing by 2, by passing to the limit (5 — > 0^, and then e — > 0+ we 
obtain (13). □ 

Next, we will need the following Lemma of Gronwall type. 

Lemma 1.2. Let ^ > 0, tq > 0, tp : (0,ro) — > M fee a continuous function and 
(p : (0, ?'o) — > M fee an absolutely continuous function that satisfies the following 
inequality for a.e. r e (0,ro), 

(8) ip{r) < jrip'{r) + ip{r). 

Then 



- ^ I i-i-i 
ri I Jo s "I 



is a nondecreasing function on (0, tq). 
Proof. We can assume that 



— — xds < +00, 

S "f 



otherwise the Lemma is trivial. Under our hypothesis, the function 

(p{r) 1 ip{s 



Fir) + - / ^ds 

is differentiable a.e. and absolutely continuous. A computation gives 

F'ir) 



Lp'{r)r'-i - V3(r)ir' ^ i ^(j.) 



thus (8) yields 



ip' {r) ~ ip{r)^r ^ 1 ,/.(r) 
T 1 / r ' 



which implies that F is nondecresing. □ 

We now prove the monotonicity Lemma, which is inspired by Alt, Caffarelli and 
Friedman [1, Lemma 5.1.]. The following statement and its proof, is an easy variant 
of [18, Lemma 15], where the same estimate is performed on Dirichlet eigenfunctions 
of the Laplace operator. We decided to write the full details in order to enlighten 
the role of the second member / in the inequalities. 

Lemma 1.3. Let Q, C fee a hounded domain and let u he a solution for the 
problem {PI). Given S and a radius r > 0, we denote by 17+ := B{xq, r) n Vl, 
by dB{xi3,r) H f2 and by (j{r) the first Dirichlet eigenvalue of the Laplace 

operator on the spherical domain . If there are constants ro > and a* g]0, A^— 1[ 
such that 

(9) inf (rV(r))>a*, 

0<r<ro 
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then the function 

is non decreasing on ]0,ro[, where /3 s]0, 2[ is given by 



P = ^{N -2f+Aa* -{N -2) 

and 

4,{s) := / lu/llx-xop-^dx. 

We also have the bound 

(11) U 1^ ' \n-2 rf^<g(A^,r-o,/3)||Vu||i.(a)+V'(r-o). 
Remark 1. Of course the Lemma is interesting only when 

(12) fj ^ds < +0O. 

This will be satisfied if u and / are in some spaces with suitable exponents, as 
will be shown in Lemma 2.1. 

Remark 2. Notice that it is not known in general whether Vu G U'{H) for some 
p > 2 and therefore it is not obvious to find a bound for the left hand side of (11). 

Proof. We assume without lose of generality that xq ^ and to simplify notation 
we denote by Br the ball B{x, r). 

By Lemma 1.1 we know that for a.e. r > 0, 

\yu\M^-''dx < r'-^ [ 2u^dS+^-^^-^r'~^ [ u'dS 

(13) + / uf\x\''-^dx. 
Let us define 

(14) i;{r) := / \uf\\x\'-''dx 

Jn+ 

and assume that (12) holds (otherwise there is nothing to prove). 
Next, we point out that the definition of a* implies that 

(15) / u^dS<—r^[ \Vru\^dS re]0,ro[, 

Js+ cr* Js+ 

where Vr denotes the tangential gradient on the sphere. Also, let a > be a 
parameter that will be fixed later, then by combining Cauchy-Schwarz inequality. 
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(15) and the inequality ab < — + —b^, we get 

2 2a 



u—clb 

S+ dv 



(16) 

Hence 
(17) 



< 



< 



< 



u^dS 



\Vru\^dS 



■dS 



2u^dS + {N- 2)ri-^ 



2 jc / 2-N 

u db < r 

St Vo^ 



2a j q+ dv 



+ {N-2y-^—r^f \Vru\^dS 
CT* Js+ 



< r 



3-N 



a N -2 



\Vru\^dS^ 



la* cr* 
Next, we choose a > in such a way that 

a N -2 1 



1^1 



namely 



2Vo^ 



/(J* c* ca-J a* 



: 2)2 +4(7* - (iV - 2) 



Hence, by combining (13), (15) and (17) we finally get 



(18) 
where 



Let us set 



and observe that 



7(/^,a*)= A/(iV - 2)2 + 4ct* - (iV - 2) 
Jut 



ip\r)^r^-^ \ |Vu|^ a.e.r e]0,ro[, 
hence (18) implies that 

(19) (y9(r) < ^TLp (r) + '!/'('')) 



with 7 = 7(7V, cr*). 

But now Lemma 1.2 exactly says that the function 



(20) 



r I— )■ — T 



|V^| 



dx + P 



ds 
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is non decreasing on (0, tq), where (3 e (0, 2) is given by 

(3=- = v/(^-2)2+4(7* -{N-2), 
7 

which proves the monotonicity result. 

To finish the proof of the Lemma it remains to establish (11). For this purpose, 
we start by finding a radius ri G (ro/2,ro) such that Jg+ jVupdS' is less than 
average, which means 

< ^ £^ \Vuf dx < l\\Vu\\l,^^y 

By combining (18) with the fact that ro/2 < ri < ro we infer that 

\Vuf\x\^-''dx < CiN,ro,m^^hin)+^iri) 

(21) < C{N,ro,m^n\\l.^n)+i^iro). 

It follows that 

^dx < I ^dx 

1-0/2 '1 

< C(iV,ro,/3)|lVu|ii.(^)+V(ro), 
and (11) is proved. □ 

2. An ELEMENTARY COMPUTATION 

In order to apply Lemma 1.3, the first thing to check is that (12) holds. The 
purpose of the following Lemma is to prove that it is the case when u and / are in 
suitable spaces. 

Lemma 2.1. Let C be an arbitrary domain and let Pq > ^ ■ Then for any 
g e LP°{fl), denoting 

^(r) / \g\\x\'-''dx, 

JBiQ.r) 



we 



have 



2po-« 

(22) \ijir)\<CiN,po)\\g\\p,r^^. 



As a consequence 



ds < +00 



for any (3 > satisfying 

(23) /3 < 'J^. 

Po 

Proof. First, we observe that jx^^^ G L™ for any m that satisfies 

N 

(N - 2)m < iV m < . 

^ ' N-2 
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Moreover a computation gives that under this condition, 

(24) |l|xp-^|ir™(5(o,)) = / = C{N,m)r^-^(^-'l 
Let us define m as being the conjugate exponent of po: namely 

TO Po 

Then the hypothesis po > y ™plics that to < ^^^^ , and by use of Holder inequality 
and by (24) we can estimate 

m\ < \\g\\M^-''\\L^(Bio,r)) < C(iV,TO)||g||p„r""'™""\ 
or equivalently in terms of po , 

2po-iV 

(25) |^(r)| <C(iV,po)ll3llp„r^. 

The conclusion of the Lemma follows directly from (25). □ 

3. Interior estimate 

We come now to our first application of Lemma 1.3, which is a decay estimate 
for the energy at interior points, for arbitrary domains. 

Proposition 1. Let p,q,pQ > 1 be some exponents satisfying ^ + q ~ ^ '^'^'^ 
Po > f . Let (3 > be any given exponent such that 

'2po~ N 

26 (3 < — . 

Pa 

Let n C M.^ be any domain, xq £ fl, and let u be a solution for the problem (PI) 
in n with u G LP{n) and f G i«(r2). Then 

(27) [ \Vu\^dx <Cr'^-^+^\\u\\p\\f\\g y r e {0,dist{xo,dn)/2) , 

with C C{N,/3,po,dist{xo,dn)). 

Proof. We assume that Xq = and we define ri := dist{xQ, dVl) in such a way that 
B{x, r) is totally contained inside J7 for r < ri and under the notation of Lemma 
L3, fi+ = -6(0, r) and by 5+ = dB{0, r) for any r < ri. Under our hypothesis and 
in virtue of Lemma 2.1 that we apply with g = uf , we know that (12) holds for any 
/? > that satisfies 

2pa~ N 

28 (3 < — . 

Pa 

Notice that > q, because pa > N/2. 

In the sequel we chose any exponent /3 > satisfying (28), so that (12) holds 
and moreover Lemma 2.1 says that 

"^^'Us < C{N,po)\\umf\\, / s^-'-^ds 







(29) < CiN,po,mu\\p\\f\U 



12 



ANTOINE LEMENANT AND YANNICK SIRE 



We are now ready to prove (27), (3 still being a fixed exponent satisfying (28). 
Wc recall that the first eigenvalue of the spherical Dirichlet Laplacian on the unit 
sphere is equal to TV — 1, thus hypothesis (9) in the present context reads 

(30) inf (rV(r)) = iV - 1, 

0<r<ri 

SO that (9) holds for any cr* < — 1. Let us choose a* exactly equal to the one 
that satisfies 



P = ^{N -2Y+Aa* -{N - 2). 

one easily verifies that a* < N ~ \ because of (28). 

As a consequence, we are in position to apply Lemma 1.3 which ensures that, if 
u is a solution for the problem (PI), then the function in (20) is non decreasing. In 
particular, by monotonicity we know that for every r < ri, 







and we conclude that for every r < 7'i/2, 
with 



1 f |Vu|2 \ ^(, 



(32) 



Let us now provide an estimate on K. To estimate the first term in K we use (11) 
to write 

L^dx < C(iV,ri,/3)||Vu||2, +^(ri) 

ri/2 

Then wc use (22) to estimate 

^in)<C{N,po,n)\\u\\p\\f\\g, 

and from the equation satisfied by u we get 

l|Vu||i2(o) = / ufdx < ||w!|p||/||9 

so that in total we have 

VitP 

-^j^dx < CXN,ro,P,Po)\\u\lp\\f\\r 



Finally, the last estimate together with (29) yields 

K <C{N,n,p,Po)\\u\\p\\f\\„ 
and this ends the proof of the Proposition. □ 
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4. Boundary estimate 

We now use Lemma 1.3 again to provide an estimate on the energy at boundary 
points, this time for Rcifenberg-flat domains. 

Proposition 2. Let p,q,po > 1 be some exponents satisfying | + ^ = ^ ^''^^ 
po > Let /3>0 be any given exponent such that 

(33) p < 'J^. 

Then one can find an e = e{N, (3) such that the following holds. Let Q, C be any 
{e .roj-Reifenberg-flat domain for some rg > 0, let xq £ 9f2 and let u be a solution 
for the problem (PI) in Q with u £ LP{Q) and f e L'^{Q). Then 

(34) / \Vu\'dx<Cr^-'+^\\u\\p\\f\\, Vre(0,ro/2), 

JB{xa,r}nn 

with C = C{N,ro,l3,po). 

Proof. As before we assume that xq = and we denote by f7+ 5(0, r) n H. and 
by 5*+ := dB{0, r) n 57. To obtain the decay estimate on \Vu\'^dx we will follow 
the proof of Proposition 1 : the main difference is that for boundary points, (30) 
does not hold. This is where Reifenberg-flatness will play a role. 

Let /3 > 0, be an exponent satisfying (33), so that invoquing Lemma 2.1 we have 

n Ms) 

(35) / ^ds < C{N,po,l3)Mp\\f\U<+^. 
Jo ^ 

Next, we recall that the first eigenvalue of the spherical Dirichlet Laplacian on 
a half sphere is equal to TV — 1 (as for the total sphere). For t E ( — 1, 1), let S'f 
be the spherical cap St := dB{0, 1) n {xjv > t} so that < = corresponds to a half 
sphere. Let Xi{St) be the first Dirichlet eigenvalue in St. In particular, 1 1-> Xi{St) 
is continuous and monotone in t. Therefore, since and Xi{St) — as t J, —1, there 
is t*{/3) < such that 

/3 = v/(A^-2)2 + 4Ai(r)-(Ar-2) 

By applying the definition of Reifenerg flat domain, we infer that, if e < t*(rj)/2, 
then dB{xo, r)nn is contained in a spherical cap homothetic to Sf for every r < rg. 
Since the eigenvalues scale of by factor when the domain expands of a factor l/r, 
by the monotonicity property of the eigenvalues with respect to domains inclusion, 
we have 

(36) inf r^Xi{dB{xo,r)nn) > Xi{St,) ^^(^ + N-2). 

r<ra 2 \ 2 / 

As a consequence, we are in position to apply the monotonicity Lemma (Lemma 1.3) 
which ensures that, if u is a solution for the problem (PI) and xq G dfl, then the 
function in (20) is non decreasing. We then conclude as in the proof of Proposition 
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1, i.e. by monotonicity we know that for every r < tq < I, 



|Vm| ' 



(37) < (zr^/ , ,J Ji^,. dx\+P 



hence for every r < ro/2, 



[ |V«|2 dx < Kr^-^+P, 



with, 



Then we estimate K exactly as in the end of the proof of Proposition 1, using (11), 
(22) and (35) to bound 

K <C{N,ro,P,Po)\\u\\p\\f\\g, 
and this ends the proof of the Proposition. □ 

5. Global decay result 

Gathering together Proposition 1 and Proposition 2 we deduce the following 
global result. 

Proposition 3. Let p,q,po > 1 be some exponents satisfying p + q = ^ ^''^^ 
Po > Y- Let 13 >Q be any given exponent such that 

(38) P < 'J^. 

Po 

Then one can find an e = £{N, f3) such that the following holds. Let il C be 
any (e, rQ)-Reifenberg-fiat domain for some tq > 0, and let u be a solution for the 
problem (PI) in O with u G LP(r2) and f G L'^{fl). Then 

(39) / \Wu\^dx<Cr''-^+P\\u\\p\\f\\g Vx G V r e (0, ro/6), 
with C = C{N, ro,P,po). 

Proof. By Proposition 1 and Proposition 2, we already know that (39) holds true for 
every x G dQ, or for points x such that dist{x, dQ) > ro/3. It remains to consider 
balls centered at points x G fl verifying 

dist{x, dil) < ro/3. 

Let X be such a point. Then Proposition 1 directly says that (39) holds for every 
radius r such that < r < dist{x, 9fi)/2, and it remains to extend this for the radii 
r in the range 

(40) dist{x,dn)/2 <r <ro/6. 
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For this purpose, let y € dO, be such that 

dist{x, dfl) — \\x — y\\ < ro/3. 
Denoting d{x) :~ dist{x, dft) we observe that for the r that satisfies (40) we have 

(41) B{x, r) C B{y, r + d{x)) C B{y, 3r). 
Then since y £ dil, Proposition 2 says that 

(42) / \Wu\^dx<Cr''-^+P\\u\\p\\f\\g Vre(0,ro/2), 

so that (39) follows, up to change C with S^-^+I^C. □ 
6. Conclusion and main result 

The classical results on Campanato Spaces can be found for instance in [8]. We 
define the space 



e LP{n) ; sup Ip-^ f 



CP-^{n) := {ue LP{n) ; sup | p-^ / \u - u^.^l^da; < +oo ^ 

'B(x,r)nn ' J J 

where the supremum is taken over all a; G O and all p < diam{n), and where Ux,r 
means the average of u on the ball B{x, r). A proof of the next result can be found 
in [8, Theorem 3.1.]. 

Theorem 6.1 (Campanato). IfN<X<N+p then 

P 

We can now prove our main result. 

Proof of Theorem 0.2. Considering u as a function of VF^'^(R^) by setting outside 
f2, and applying Proposition 3 with /? = 2a, we obtain that 

(43) / \Vu\^dx<Cr''-^+^\\u\\j,\\f\\q Vx e ^ V r e (0, ro/6), 

JB(x,r) 

with C = C{N,ro, f3,po). Recalling now the classical Poincare inequality in a ball 
B{x,r) 

\u-Ux,r\dx <C{Ny+^ ( [ \Vu\'^dx] , 

B{x,r) ' \JB{x,r) J 

we get 

(44) / \u-Ua;,r\dx <Cr'^+^ Va: e H, V r e (0, ro/6), 

J B(x,r) 

with C = C{N,ro, f3,pQ, ||u||p, ||/i|g). But this implies that 

ue C^^^+^B{x,ro/i2)r\Tl) yxeU. 

Moreover ^ < ^"^^^ ^ < 1 and hence Theorem 6.1 says that 



u e C"''"(B(a;,ro/12)nl7) 
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with a= and the norm is controUed by C = C{N,ro, i3,pq, \\u\\p, □ 
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